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aspect ratio of the enclosure, H/B

enclosure width, m

enclosure height, m

enclosure depth, m

specific heat of PCM, J/K gc°

melted fraction of phase change material, (PCM)
a proportional constant for ¢ vs r

heat gain stored inside the enclosure, MJ
dimensionless gain, GRa'/®/H?p,Q,,
acceleration due to gravity, m/s?

coefficeint of convective heat transfer, W/m?2c*
dimensionless coefficient, hH /K|

thermal conductivity of PCM, W/mc®

a constant, see equation (4-26)

a constant, see equation (4-25)

Nusselt number, hy/k

RHS top corner of the enclosure

Prandtl number of PCM, v/a

latent heat of fusion of PCM, J/ K¢

heat flux,W/m?

dimensionless heat flux, gH [ KiApm

Rayleigh number, g8A,,, H?/va

local melted layer thickness, m

dimensionless thickness, SRa'/5 /H

melted layer thickness at the bottom, m

Stefan number, qAum/Qu

dimensional time, seconds

temperature, ¢

horizontal (or lateral) component of liquid velocity, m/s
dimensionless velocity, uH /oy Ra'/*

vertical (or longitudinal) component of liquid velocity, mfs
local characteristic velocity, m/s

horizontal (or lateral) coordinate

dimensionless coordinate, z/H

vertical (or longitudinal) coordinate
dimensionless coordinate, y/H

coordinate defined in equation {4-29)

.dimensionless coordinate, Y/H
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thermal diffusivity of PCM, m?/s
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dimensional temperature difference, ¢
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temperature difference, (T;, — Tj), ¢
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dimensionless time, oy Ra?/5t/ H?

dimensionless time of the conduction stage
inclination angle of solid-liquid interface, radians
dimensionless inclination angle, ¢Ra*/®

value of ¢ when the interface contacts point p(B, H)

‘after’ the interface contacts point p{B, H)
average

‘before’ the interface contacts point p(B, H)
cold boundary layer

hot boundary layer

initial conditions

liquid core along the vertical y-coordinate
liquid core along the inclined y'-coordinate
melting

ratio of solid to liquid properties

solid phase

total

vertical heated wall

refers to I' and (z',3') coordinate system
nondimensionlization symbol
Phase-Change Energy Storage

Phase Change Materials

Thermal Energy Storage

viii
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A

ABSTRACT

In this work, two-dimensional melting process of a solid phase change material con-
tained in a rectangular enclosure heated from a vertical isothermal side, while all
its other sides are insulated, is investigated analytically. During the early stages
of the melting process, it is considered that the heat transfer in the liquid phase
is controlled by the conduction mode, followed by a short transition period after
which, the natural convection is considered to be the predominant mode of heat
transfer in the liquid phase until the end of the melting process. The solid-liquid
interface time-dependent inclination, during the natural convection regime, is taken
into account, whose propagation at the bottom of the enclosure is considered to
be conduction-controlled during the whole melting process, while the propagation
and inclination of the rest of the interface is constdered to be convection-controlled
during the convection regime. Two boundary layers, seperated by a stationary lig-
uid core, a hot one adjacent to the vertical heatad wall, and a ld one adjacent to
the solid-liquid interface, are analysed. Temperature and velocity distributions and
the mass conservation for the two boundary layers are evaluated. The governing
equations for the whole process are solved and an analytical solution is developed.
Experimental and numerical matrixes of selected previous works are substituted in
corresponding equations developed in this work, results are obtained and found to
be in good agreement with results of those works concerning the position, inclination

and propagation of the solid-liquid interface and the melted fraction. Finally, us-

ing the developed solution in this work, phase change energy storage in rectangular

enclosures is investigated.
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Chapter 1
INTRODUCTION

1.1 Phase-Change Problems

Many problems arise in engineering in which heat transfer is accompanied by
a change of phase with release or absorption of thermal energy. Notable examples
of this phenomena are the melting and solidification process in which a sharp mov-
ing interface separates between two regions of different thermophysical properties;
namely the liquid and the solid phases. The displacement, shape and position of
the solid-liquid interface are time-dependent, accordingly, the shape and dimensions
of the two phases vary with time. At the interface, the thermal energy is liberated
-during solidification process and absorbed during melting process.

Such transient heat transfer problems are referred to as ‘phase- change’, ‘moving-
boundary’ or, sometimes, ‘Stefan’ problems. The recent years have witnessed an

upsurge of published works dealing with these problems.

1.2 Importance And Applications Of Phase
Change Problems

Melting and solidification phase change problems have found considerable atten-

tion from mathematicians, engineers and scientists alike in the recent past as these

problems arise in many industrial, residential and applied science processes. Some

applications of these problems are:
1. Formation of ice.

2. Controlled melting and casting of metals.
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3. Welding.

4. Synthetic production of alloys.

5. Growth of pure crystals.

6. Cooling of igneous rocks.

7. Purification of materials.

8. Freeze and drying of foodstuffs.

9. Controlled ablation of thermal shield in aerospace engineering.
10. Bioengineering cryopreservation of tissues.

11. Latent heat of fusion energy storage.

Recently, attention has been given to the use of Phase Change Energy Storage
(PCES) in residential solar heating and cooling systems and in industrial process-
ing. Recent studies [1,2] have shown that the PCES offers significant advantage
over sensible storage of thermal energy. Several previous works (2,3,4,5,6,7,8,9] were
motivated by the need for basic informations required to predict the position of the
solid- liquid interface, which is essential in designing PCES systems. Commercial
acceptance of economics of solar energy, energy conservation, waste heat utilization
and other alternate energy technologies is directed towards the design and develop-
ment of efficient and cost-effective Thermal Energy Storage (TES) systems. Among
the possible application of the TES systems, interest has been focused on the use of
a latent-heat solar walls in passive solar heating of homes [7]. These proposed walls
consist of rectangular enclosures filled with a Phase Change Material (PCM) and are
subject to heating through their vertical surfaces by direct exposure to solar irradi-
ation. Other interests [1,6,10] were about using systems consisting of conventional

solar collectors connected to sub-systems of latent-heat storage heat exchangers.
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different values of melting temperatures makes these systems sutable fo be used in

different types of applications.

The objectives of this work are:

1. To develop a relatively simple analytical solution for the melting process of a
PCM contained in a rectangular enclosure heated from a vertical isothermal
wall 50 as to be used to predict the melting rate and all the other data related
to the melting process throughout few simp;le analytical steps compared to the

costly complicated long procedure of the experimental and numerical methods.

2. To demonstrate the degree of efficiency and accuracy of this developed solution
by comparing the results obtained in this work with the results obtained by

selected previous experimental and numerical works.

3. To establish a fundamental understanding of heat transfer during the whole

melting process of a PCM to find out the effects of different parameters on the
efficient design of a PCES system.

4. To use the developed analytical solution in order to predict the amount of TES
within a rectangular enclosure filled with PCM and is subject to isothermal

heating from vertical side.

This work consists of six chapters in which this chapter is the first. Litera-
ture survey is oonductec‘l in chapter Il Description of the employed model in this
work, physical analysis of the melting process and mathematical formulation of the
problem are presented in chapter III. Melting of a PCM contained in a rectangular
enclosure heated from its vertical isothermal wall is investigated mathematically and
the analytical solution is developed in chapter IV. The discussion of the obtained
results and comparing them with experimental and numerical results of previous
works are presented in chapter V. The conclusions and recommendations are found

in chapter VL
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Chapter 2

LITERATURE REVIEW

2.1 Introduction

Early analytical works on solution of phase change problems include those published
by Lame’ and Clapeyron (1831) and by Stefan (1891) who studied the thickness and
formation of the polar ice (20,22]. More recently much attention has been directed
towards the ablation of materials as a protective device in the design of atmospheric
reentry vehicles. Because of nonlinearity of governing equations of these problems,
exact analytical solutions can be developed only for a limited number of specific
idealized situations involving semi-infinite or infinite regions and subject to simple
boundary and initial conditions. An exact solution of a problem describing a semi-
infinite one-dimensional slab, initially at a uniform temperature, was discussed by
Neumann in His lectures in (1860) which were published in (1912) [20]. In the first
place, solutions of phase change problems are based on pioneer works in conduction
heat transfer like those of Fourier (1822) [23,24,25,26], and in convection heat trans-
fer like those of Reynolds, Rayleigh, Nusselt, Blasius and Pohlhausen in early 1900’s
(27,28,29,30,31,32). An extensive review article presented by Ostrach (1972) about
natural convection heat transfer of liquids in enclosure was of great advantage for
solutions of phase change problems throughout the last two decades. Despite their
obvious practical value, problems involving melting and solidification have not re-
ceived their share of attention in heat transfer text books; however, a limited number
of such books exist like that of Eckert [22] in which exact and approximate solutions

for conduction- controlled heat transfer during melting process are introduced, as

t
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well as those presented by Omsik [20]. In general, due to the complex ;nalhemalical

nature of phase change problems, particularly with taking natural convection mode
of heat transfer into consideration, the majority of studies avoided analytical solu-
tions and dealt with phase change problems through numerical and experimental
methods. Previous works are classified into three groups in the following sections;

experimental, numerical and analytical works.

2.2 Experimental Works

The majority of experimental works about phase change problems involving
melting and solidification employed n-octadecane paraffin wax as a low melting
temperature test-PCM, while fewer works reported about other materials.

Melting of sodium nitrate (T), = 244°c) was investigated by Sparrow et al [11]
and was recommended to be used as an intermediate medium in TES systems.
Conclusive evidence of natural convection predominance on heat transfer during
the melting process was provided by Hale and Viskanta [12] in their photographic
observations by demonstrating convection-affected shape, inclination and curvature
of the solid-liquid interface during melting of n-octadecane (Tm = 28°¢) contained
in a transparent epexiglass rectangular cell. Similar evidence was presented by
Bathelt and Viskanta [4] and Hirata and Nishada [33] in their observations about the
unsymmetry of the melt zone around a heat source in a form of horizontal cylinder
embedded in n-heptadecane paraffin wax (T}, = 22°¢) contained in a cylindrical glass
cell. During melting process of n-heptadecane, the thermal stratification of the liquid
core in forms of horizontal isotherms was shown in interferograms recorded by Buren
and Viskanta [13] on camera films using laser beams while the corresponding values
of the isotherms were measured by interferometers. The transition from natural
convection-controlled to conduction-controlled solidification of n-eicosane paraffin
wax (I, = 36°) contained in a rectangular cell cooled from side was studied by
Sparrow et al [14] where the solid-liquid interface was found to be straight and
vertical which was an indication to the predominance of the conduction mode on

the heat transfer during the solidification process.
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Figure 2.1 shows a solar POES collection system proposed by Benard ¢f al ]

which consisted of paraffin wax tanks (Ton = 60°¢) employed to maintain the room
temperature of an experimental chicken brooder within a range of 22°¢ to 30°c.
Encouraging results were obtained and led to construction of other similar units.
Figure 2.2 shows another PCES system proposed by the same authors {34] which
consisted of latent-heat solar wall filled with paraffin ARCO wax (T = 40/50%). A
third study was presented by them [15] about melting of n-octadecane in rectangular
cells heated from side. Melting process of n-octadecane contained in an internally-
finned rectangular cell heated from side was investigated by Henze and Humphery
(2] and it was found that the heat transfer coefficient at the heated wall would
be doubled by using the appropriate size of fins. As side results, it was reported
that the sensible storage accounted for less than 10% of the total TES, and the
variation of the thermophysical properties of PCM's over the corresponding range
of temperature difference was less than 2% for density, less than 2.5% for specific
heat and between 2.6% and 8.5% for thermal conductivity which encouraged to
assume these properties to be of constant values in this class of problems.

A shadowgraphic technique was used by Ho and Viskanta [7] to find out the
effects convection mode of heat transfer during melting of n- octadecane. Eftekhar
ct al [8] investigated heat transfer enhancement in a TES system oonsisting of rect-
angular cells filled with Suntech P116 paraffin wax (Tn = 44°c) heated from below.
Okada [35] reported that the solid-liquid interface inclination rate of n-octadecane
melting was faster in enclosures of smaller aspect ratio. While Webb and Viskanta
[16] found that melting of this PCM was of optimum values for the horizontal po-
sition of the enclosure. Due to low thermal conductivity of paraffin wax, it was
recommended by Marshal [10] to utilize hybrid water-paraffin wax (T,, = 55°¢) in-
stead of pure ones in PCES sub-systems assisting solar TES systems as shown in
Fig.2.3. Melting of pure gallium (Ton = 30°¢) contained in tectangular cell heated
from side was investigated by Gau and Viskanta (17). PCES using salt-hydrate
(T = 48°c) was studied by Aboul-Enien and Remadan (36]

The first two works reported by Zhang and Bejan [9,18] were about melting, with
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re]alive]y lu'gh Ra numbers (1018), of n-octadecane contained in rectangular cell of
large height (0.75m) heated from side at & constant heating rate. The liquid flow
during the melting process was weakly turbulent, In their third work (19}, published
in (1990), solidification of the same PCM was investigated with Ra and Ste rumbers
of the order of 10" and 0.1 respectively.

2.3 Numerical Works

Compared to experimental works, more numerical works were published about
phase change problems involving melting and solidification processes. Also, n-
octadecane paraffin w;.x was employed as test-PCM in most of these works.

An implicit finite-difference solution was used by Sparrow et al [37] for analysis
of melting of PCM with a heated vertical tube embedded in this PCM as a heat
source and it was found that the greatest thickness of the melt region was at the top
of the tube affected by natural convection. Morrison and Abdel-Khalik presented
& comparison, of the thermal performance and efficiency, between a PCES system
using SUNCO P116 paraffin wax (T = 47°c) as PCM and sensible heat storage sys-
tems concluding that the selection between the two systems could be decided solely
by economic considerations. Goodrich [38] employed Cranck-Nicholson numerical
method to solve conduction heat transfer equations of one-dimensional frost. Lan-
dau method (1950) was extended by Saitoh [39] to solve multi-dimensional solidifi-
cation problems in arbitrary geometry. Soloman 3] derived relations via computer
simulations for the total melt time and average surface heat flux for PCM enclosed in
simple enclosure subject to isothermal side heating. Conduction heat transfer equa-
tions during freezing of water were solved numerically by Rubinsky and Cravahlo
[40] by applying finite element method recording a formation of 0.25m of ice after 80
hours of isothermal cooling at —20°¢. Similar algorithm and results were obtained
by Hsu and Pizey [41). Boundary immobolization method was used by Hsu et al
[42] to obtain numerical results for moving boundary problems. Stefan solidification
problem was solved by Cupta and Kumar [21] using a variable time step method.

Similar to his experimental study shown in Fig.2.3, Marshal [6] presented a
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study about the use of SHELL 53/54% paraffn wax multiple day PCES In a solar

assisted domestic hot water system and finally he suggested not to replace water by
paraffin wax as a TES medium for that application. In their analysis of PCES of n-
octadecane in a cylinder capsule, Saitoh and Hirose [43] concluded that the vorticity
appearance in the melt layer might be the most important characteristic of melt-
ing heat transfer. Numerical prediction of melting propagation speed obtained by
Gadgil and Gobin [44] for two dimensional melting of n-octadecane in a rectangular
enclosure was 37% larger than that observed experimentally and it was explained to
be due to actual heat losses through cell sides. Numerical results obtained by Roa
and Sastri [45] for melting in rectangular p1"ism5 showed no significance change with
varying time step size. Metal melting during welding process was investigated by
Katz and Rubinsky [46] employing an inverse finite element technique.

Considering that the heat transfer during the melting process is conduction-
controlled, numerical solutions using finite difference methods were proposed by
Petra [47), Pham [48,49], Menning and Ozisik [50], Charch and Khan [51] and Chen
[52] to obtain results for this process. Likewise, a numerical approach for three-
dimensional solidification was presented by Gilmore and Guceri [53]. Velocity maps
for the melt vortical motion of pure gallium were illustrated by Webb and Viskanta
[54] which are considered as an indication to the dramatic role of natural convec-
tion in the melting process. Under a quasi-steady assumption, natural convection
-controlled heat transfer during melting of PCM in vertical rectangular enclosures
heated from side was P.nalysed by Yeung [55] using a conduction layer approximate
method and taking inclination and curvature of the solid. liquid interface into ac-
count by dividing the interface into series of steps. ‘ 4 2 4 9 9 8

Mushy zones which surround the solid-liquid interface during the melting pro-
cess was investigated l.!; & recent study in (1990) by Shyy and Chen (56] using a
finite-element computational techniques. More distortion was exhibited in phase
boundaries due to higher Ra numbers or lower Ste numbers. Convection strength
was found to be increased for higher Ra numbers. Another recent study in (1990)

was presented by Kim and Kaviany [57] in which coordinate transformation tech-
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nique was employed in an immobilization finite-difference method for solution of

melting problem without consideration of convection effects.

2.4 Analytical Works

Compared to numerical and experimental works, less number of analytical works
about phase change problems are existed. Even in the available analytical works,
natural convection was not considered at all in their developed solutions order to
avoid mathematical complexity. Optimal linearization method was applied by Vu-
janovic [58] and perturbation theory was used by Aziz and Benzies [59] to study the
conduction mode of heat transfer in such ﬁroblems. Analytical study presented by
Vujanovic and Baclic [60] in (1976) was based on Gauss’s principle and Goodman
studies (1964) to solve conduction- controlled melting of a semi-infinite solid. Wein-
baum and Jiji [61] employed perturbation method to solve conduction heat transfer
equations during melting process. Likewise, inverse Stefan conduction-controlled
melting and solidification problem was solved by Rubinsky and Shitzer [62]. Char-
acteristics of thermal and fluid flow was investigat;:d by Ramachandran et al [63].
Heat transfer equations during solidification in a finite slab were solved by Soloman
[64] for large Ste and Biot numbers, by Chan et al [65] for arbitrary initial liquid
temperature and by Charach and Zoglin [66] using time-dependent perturbation
theory. Solidification of Glauber salt (7, = 32°c) was investigated by Gutman [67)
and Mashema and Haji-Sheikh [68] using Galerkin finite-difference method. Even
recent analytical works investigating melting and solidification processes dealt with
these problems without any consideration to convection mode of heat transfer in
the melt region, such as the study presented by Li and Barber [69] in (1989) who
used perturbation method for the solution, and that of Lecomte and Batsale [70]

who proposed an approximate solution of Neumann’s problem in (1991).
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Chapter 3
THE EMPLOYED MODEL

3.1 Model Description

The employed physical model is shown schematically in Fig.3.1a, which shows
a rectangular enclosure of height H, width B and depth D (less than H), whose all
its walls are insulated except the left side vertical wall along which heat is supplied
isothermally. The enclosure contains a pure Phase-Change Material (PCM) of such
a type which can be used in Thermal Energy Storage (TES) systems in forms of
latent heat of fusion storage. Typical PCMs are paraffin waxes, Glambers salt and
gallium. In this study of the melting process, the PCM is initially in its solid state
at an initial temperature, T;, then heat is added to the enclosure through its vertical
wall. The melting process starts when the temperature of the solid layer which is
adjacent to the heated wall reaches its melting temperature, 7,,. The solid-liquid
interface propagates in the positive direction of z-coordinate.

Melting of the paraffin waxes enclosed in rectangular configurations were of fun-
damental interest in the previous works in this art, as discussed in chapter II. Ac-
cordingly, this model was selected to be employed in this work, also because this
configuration is found in many residential, scientific and industrial applications. On
the other hand, the paraffin waxes are selected as PCMs because they are low cost
by-product of the petrochemical industry, of high heat of fusion, chemically stable in
cycling [8] and has a range of melting temperatures near the ambient temperatures

which reduces the heat losses into the surroundings [12].
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In addition to the advantagcs mentioned ubovc, some of the paraﬁin waxes are de-

sirable to be used as test materials in the laboratories because, in their liquid phase,

they are transparent to the visible radiation, and this allows for photographic obser-
vations and optical measurements of displacement, position, inclination and shape
of the solid-liquid interface, noting that the test enclosures, which contains paraffin
waxes, are made of transparent plexiglass material. Finally, PCMs thermophysical
properties are well established and thus facilitate the proper nondimensionalization
which is necessary in generalizing the results. In this work, n-octadecane is mainly
employed as the enclosed PCM. This type of paraffin waxes was studied or used as
test material in many previous works of this art as discussed in details in chapter

II. Thermophysical properties of notable PCMs are found in Appendix A.

3.2 Assumptions

In this section, some assumptions will be proposed so as to simplify the solution.
On the other hand, these assumptions are used to be proposed in such class of
problems knowing that their effects on the accuracy of the results are negligible. In

the following are the assumptions on which this analytical study is built.

1. The heat losses through the insulated walls of the enclosure are negligible and

are considered of zero value.

2. The effects of inertia terms are negligible compared to the buoyancy and vis-

cosity effects.

3. Prandtl number of the employed material is larger than a unity (actually, Pr

numbers of PCMs are much bigger than a unity).

4. The phase change material is isotropic and homogeneous in its solid and liquid

phases and its liquid phase is Newtonian and incompressible.
5. The solid-liquid interface is smooth and plane.

6. The inclination angle of the interface is time-dependent only and independent

on the altitude which means that the interface is straight (not curved).
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7. As the temperatures range in this chass of problems s small, thus, the variation

in the thermophysical properties of the PCM for each of its solid and liquid

phases is negligible and these properties are assumed to be of constant values.

8. The motion of the liquid particles in the vertical (or longitudinal) direction is
only within the two boundary layers.

3.3 Physical Analysis Of PCM Melting Process

The PCM enclosed’in the employed model shown in Fig.3.1a is initially in its
solid phase. As a result of heat addition; the temperature of the layer adjacent
to the heated wall starts to increase. As the melting temperature, T, is reached,
melting of PCM starts and the solid-liquid interface (the melting front) moves in the
positive direction of x-coordinate. The rate of melting depends essentially on ther-
mophysical properties of PCM, such as its thermal diffusivity, conductivity, latent
heat of fusion and specific heat. Fig.3.1b shows the interface in its vertical position
at an early conduction-controlled heat transfer stage of melting process. Classically,
conduction had been assumed to be the sole mode of heat transfer through the liquid
phase during melting process. Recently, it was observed that the natural convection
contribution is several times greater than that of conduction. It was found that the
heat transfer in the liquid region during the melting process is controlled only by
pure conduction for an early short period [9,15,17]. The transition from conduc-
tion regime into natural convection regime is represented in Fig.3.2. In general, the

melting process consists of the following four stages [9]:
1. Start-up time,
2. Conduction regime.
3. Transition from conduction to natural convection.
4. Convection regime.

The start-up time is the period required for the temperature of the solid layer

adjacent to the vertical heated wall to raise from, T}, to T},.
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The second stage stars when mclling starls, g0, & small melt lné,rer is bull -

up through which th; heat is transferred by pure conduction due to temperature
gradient from T,, at the heated wall to T, at the solid liquid interface. Through
this period, the interface is vertical and smooth. The time of the first and second
stages are found to be a small fraction of the melting process|9). Thus during the
conduction regime there is a horizontal temperature gradient and vertical isotherms
in the liquid phase. The temperature of the heated wall, T,,, and the temperature
of the liquid phase, T;, in the case of melting at constant rate of heating, increase
with time during the second stage without being altitude-dependent.

As heating is continued, the melt Iayer- thickness increases, and the third stage
starts during which the transition from conduction mode to natural convection mode

occurs. It was established that during this stage, the following four thermophysical
phenomena build-up {9,54]:

1. Vertical thermal stratification of the liquid core.
2. Forming of two boundary layers.

3. Vorticity of liquid particles around the liquid core.
4. Start of the solid-liquid interface inclination.

At the end of the short conduction regime, hotter liquid particles move upwards
and the colder ones move downwards due to the density variation. This causes a ver-
tical thermal stratification in the liquid core, thus, there will be horizontal isotherms
and vertical temperature gradient in the liquid core as shown in Fig.3.4. Meanwhile,
two boundary layers build up, a hot one adjacent to the vertical heated wall, and a
colder one adjacent to the inclined solid-liquid interface. The liquid particles close
to the heated wall will be heated and accordingly will move upwards along this wall
gaining heat all their way up until their temperature reach a maximum value, 7, at
the top level of the enclosure where they deflect away from the heated wall towards
the solid-liquid interface, which is colder than these heated particles, so, the liquid

particles flow downward along the interface loosing its gained heat to the interface all
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their way down causing the solid surface to melt. The mcltins ca.PabiIity decreases

to the minimum at the bottom of the enclosure where its temperature is equal to
T.n. The motion of the heated particles in the vertical direction occurs only through
the passage of the boundary layers while the liquid core is stationary. The motion of
the liquid particles discussed above is a vortical type in clockwise direction as shown
in Fig.3.5. The third stage is also a short one during which the temperature of the
liquid core increases ﬁth time until it reaches a maximum value and thereafter does
not change.

The fourth stage starts when the liquid core temperature begins its steady state
period which follows th:: above third stage immediately and continues until the end
of the melting process. Dliring this fourth stage, the heat transferred is mainly
controlled by the natural convection mode. The temperature distribution in the
liquid core is in its final plateau where it depends only on the altitude and no longer
is a function of time. The same situation is for the temperature distribution in the
hot boundary layer. The melting rate of the top of the solid-liquid interface is faster
than the lower parts, thus, photographic observations in many experimental works
[9,12,13,35,56] shows the top of the interface as a convex surface. This is due to the
maximum of the flow motion and temperature of the liquid particles at the top of

the enclosure.
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Fig.3.2 The transition from conduction regime into natural convection regime at

the early stages of the melting process. (a) Experimental time evolution (15] (b)
Photographs [9] (c) Graphical [22].
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(b)

Fig.3.4 The thermal stratification and the horizontal isotherms during the convec-

tion stage of the melting process. (a) Interferograms (b) Computer solutions [22].
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3.4 Mathematical Analysic Of PCM Melting Pro-

cess

Phase-change problems are inherently difficult and nonlinear due to the motion
of the solid-liquid interface, thus, location of the interface is not known a priori
and must be followed as a part of the solution. Even for the conduction mode in
the liquid phase in these proi)lems, exact analytic solution can be developed only
for limited number of particular cases, and the most notable among them is known
as Neumann’s solution [20] for a semi-infinite one-dimensional slab initially at a
uniform temperature. Therefore, recourse is made either to approximate analytical
methods or to numerical methods. In addition, as natural convection has been
considered, recently, as the predominant mode of heat transfer in the liquid phase
during the melting process, more complexity and nonlinearity is added to these
problems. Further, if the interface inclination is taken into account, the problem
will be much more complicated.

In this work, natural convection regime is considered the sole mode of heat trans-
fer in the liquid phase, and the corresponding solution concentrates on the fourth
stage. The main governing equations for each boundary layer are the continuity,
momentum and energy conservation equations. The hot boundary layer is attached
to the main (z,y) coordinates system (as shown in Fig.4.1), while the cold bound-
ary layer is attached to (z,y') coordinate system. The velocity and temperature
profiles for both boundary layers are assumed in forms of simple quadratic expres-
sions which agree very well with exact solutions of pure natural convection problems
9,22,71,72,73). The governing equations will be integrated to obtain integral equa-
tions for both of the hot and cold boundary layers. Then the two integral equations
will be refined, reduced and finally matched to each other by using mass conserva-
tion principle between the two layers. The temperature distribution in the Liquid
core will be evaluated using the developed integral equations. There will be several
mathematical steps directed, all the way, towards reducing the number of unknowns

until analytical solution is developed.
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Chapter 4

DEVOLEPMENT OF
ANALYTICAL SOLUTION

4.1 Introduction

In this chapter, analytical solution is developed for the melting process. Fig.4.1
shows a schematic elevation view of the employed rectangular model which contains
a PCM of large value of latent heat of fusion. The equations developed in this
work are in terms of dimensionless parameters and can be generalized to any PCM.
N-octadecane is employed to facilitate the proper nondimensionalization. The hot
boundary layer is adjacent to the vertical heated isothermal wall and attached to
the main (z,y) coordinates system. The relatively cold boundary layer is adjacent
to the solid-liquid interface and attached to (z',y') system of coordinates which is
moved linearly while is being turned in clockwise direction with time led by the
interface propagation. As an approximation, the interface is assumed smooth and
straight despite its actual curved surface (especially at its top).

In the following sections there are individual investigations for the hot and the
cold boundary layers, the liquid core, the solid-liquid interface and its time evolution,
the solid phase, the mass conservation between the two layers, the melting rate, the

heat storage rate, the effects of the different dimensionless numbers and the optimum

size of the enclosure.
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Fig.4.1 Schematical cross-sectional elevation of employed rectangular enclosure con-

taining PCM and subject to isothermal heating from vertical side. The variations

of velocity profile vs altitude, within the two boundary layers, are shown.
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Fig.4.2 The employed rectangular enclosure model (as proposed in Fig.4.1). The
variations of temperature profiles vs altitude, within the two boundary layers, are

shown.
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The variations in the velocity and temperatute profiles, as shown i figures 4.1

and 4.2, indicate that the momentum energy ebbs when the thermal energy predom-

inates and vise versa. As will be evaluated later on in the following sections in this
chapter, the momentum energy is in its peak value at ¥ =~ 0.4 for the hot boundary
layer and at § ~ 0.63 for the cold boundary layer. On the other hand, the thermal

energy is in its peak value at the top of the enclosure.

4.2 The Hot Boundary Layer

This boundary layer is adjacent to the heated isothermal wall. Its leading edge
is at the bottom of the wall. Its governing equations are the continuity, momentum

and energy conservation equations for 0 < z < & as follows [9,22,71,72,73):

Bvn . Ou -
ag;‘) + a(';‘:") =g8(T, - T) + v%—:-,'l (4.2)

6(U5Th) B(u,,T,,) 6Th _ B’T,,
&y B ot (43)

Assuming quadratic expressions [9,22,71,72,73] for the profiles of the velocity,

Yh,
and the temperature, Ty, for 0 < z < §,.
-V Zn_Zy
o=V (1~ ) (4.4)
i Z \2
I, =T+ Aw;(l — ?;—) (45)
h

From equation (4-4), it can be shown that v, = 0 at z = 0 and 8y, and that the
maximum local value of v, is at z = %, also, %f’: = 0 at £ = §. From equation
(4-5), it is found that at = = &, Tj, = T and 2> = O and at z = 0, T, = T,.
These results are displayed for the hot boundary layer in the velocity distributions

as shown in Fig.4.1 and the temperature distributions as shown in Fig.4.2,

Integrating the continuity equation from 0 to z = §,
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b Oy |
/0 s = - [ ' %—dx (4.6)
Thus,
(e = — 5o

Equation (4-7) represents the lateral velocity of the liquid particles at the outer

Vién) (4.7)

boundary, (z = 8,). Integrating the momentum equation from 0 to z = &, and
neglecting the inertia terms compared to the effects of the buoyancy and viscosity

terms [8,18,19], the Jocal characteristic velocity is

=L («8)

Integrating the energy conservation equation from 0 to z = §,, using Leibnitz rule

and using equations (4-7) and (4-8), the integral equation of the hot boundary layer

1s

1 67} 08,
5(251. a5 + Dot —4~ 5t

)‘l“_g'_ﬁ_'( Awl 6?\

98 FJAW +642, Bb'h 200 Dy

Oy 3!!) on

This is a time-dependent equation which governs the motion and temperature of

(4.9)

the liquid within the hot boundary layer for a short conduction-to- convection tran-
sition period, after which, thermal stratification in the liquid core reaches its steady
state which exists until the end of the melting process. The two transient terms in
this equation vanish when the natural corvection steady state starts. Thus, equa-

tion (4-9) yields to an altitude-dependent equation. Substituting the corresponding

dimensionless variables, in this equation, it becomes

1 A §
250.— by ay“” +6Aw,6“a "] =1 (4.10)

4.3 The Cold Boundary Layer

The cold boundary layer is adjacent to the solid-liquid interface and is in-
clined, together with its attached (z',y') coordinates system, with the interface

time-dependent inclination. The temperature and velocities distribution inside this

i
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layer is & function of altitude and time during the whole melting process. The gov-

erning equations for the cold boundary layer are the continuity, momentum and

energy conservation equations as follows 9,22,71,72,73]

]

v Ou,
ay. + 83' =0 (4.11)
5é;€)'+ 6(;;‘,“) = —(gcos$)B(T, — Tp) + u‘;:; (4.12)

oveT.) , O(uT.)  OT.  &T.
By + B +t9t =aa (4.13)

The velocity and temperature profiles are assumed in quadratic forms for 0 <

T <6, as

—vZa-Zy
=Vir(l- ) (419)

T.=Tp - Brn(l - 27 (4.15)

Where 6, is the local thickness of the cold boundary layer along the inclined
z'-direction which mekes a time-dependent inclination angle #(t) with the main
z-direction. V, is the local characteristic velocity for the cold boundary layer.

Similar to that of the velocity and temperature distributions of the hot boundary
layer, the same analysis is done for the cold boundary layer, thus, from equation
(4-14), it is found that v. = 0 at z' = 0 and §,, and that the maximum local value of
v, is at ¢ = é; measured in z -coordinate direction, also, g—:’f =0at £ =§. From
equation (4-15), it is found that at 2’ = §,, T, = Ty and &t = 0 and at =" = 0,
T, = T,,. These results are displayed for the cold boundary layer in the velocity
distributions as shown in Fig.4.1 and the temperature distributions as shown in
Fig.4.2.

The temperature distribution, T}, of the liquid core along the inclined outer
boundary of this layer is always slightly higher than the corresponding horizontal
isotherm level of the liquid core, 7}, and this difference increases as the interface
inclination increases. Thus, another altitude coordinate, Y, is attached to T} as

shown in Fig.4.2. Integrating the continuity equation from 0 to z = 8., it yields to
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(1) = (o = ~ e V) (4.16)

Where (u.)s, and (u.)o are the local lateral velocities of the liquid particles in

z -direction at z' = §, and 0 respectively. Integrating the momentum equation from
0 to * = &, and neglecting the inertia terms compared to the effects of buoyancy

and viscosity terms [9,18,19], the local characteristic velocity is

= (cosé)g-g(ﬁrmé.f ) (4.17)

Integrating the energy conservation equation from 0 to ¢ = §., using equa-
tions (4-16) and (4-17), substituting the corresponding dimensionless variables and
(~y/cosd) instead of y in the developed integral equation, the cold boundary layer

dimensionless integral equation is

8A,,, (cosd)? , 05,

28,
or "ArmaT]+ 180 IGArmcay

8A »
BGmm 1+ Ao+ =5 = o

(4.18)

-[25

4.4 The Solid-Liquid Interface

After early stages are over and the transition stage is completed, the steady
state takes place in controlling the heat transfer of the melting process and the heat
supply is transferred into the cold boundary layer and the solid-liquid interface,
thus, the solid layer is melted and the temperature of this melted layer is raised
from Ti,, through the temperature distribution of the cold boundary layer into a
higher temperature Ty adding more hot thermally stratified liquid to the liquid
core. The mathematical formulation of the above statements can be presented by
applying heat balance for the whole system at the interface as expressed in the

following equation

H a]‘h, F 6‘ aTc 1 . H‘ aj‘c 1
— —hy _ody = Zdy oyl _od 4.19
fn ky 5z le=0dy _/‘; fo precg dy + fﬂ e RPY: (4.19)

After straightforward integration and doing the proper substitution, the result
is the following solid-liquid interface energy balance dimensionless equation
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l A » )
1,.. 84, L) 2A 008 2A
b= - A, ey - 20 - im :
e (420)

Using equations (4-18) and (4-20), all time-dependent terms are eliminated, thus,

the cold boundary layer general equation is reduced to

" . .
(cosd)? 2 200 o S OAL s . 24 i (cosd)
180 [6Al'm6c aﬁ Al'ﬂr;“'se: _ay»__] + Al'm(uc)ﬂ + T— =0 (421)

4.5 Mass Conservation Between The Two Bound-
ary Layers

The vorticity motion of the liquid particles, which is shown in Fig.4.3, means
that these particles pass out through the outer boundary of the cold layer at certain
velocity travelling laterally through the liquid core, thereafter, entering into the
hot layer through its outer boundary at the same velocity. A typical particle bath

is shown in Fig.4.3. The horizontal entrainment velocitjes of the two boundaries

represent the same horizontal liquid core if

" g ,
[ oy = [ ueds, = (waloldy (422)

Substituting equations (4-7) and (4-16) in this equation and arranging the results
in dimensionless terms, the entrainment relationship which matches between the

boundary layers is mathematically formulated as

A bl = (cosp)? A, 8 (4.23)

Equation (4-23) is a balance equation between the two buondary layers concern-

ing all their corresponding parameters like the temperature, the velocity, the layer

thickness and the inclination of the interface.

All Rights Reserved - Library of University of Jordan - Center of Thesis Deposit



1

Solid-liquid interface
~ Hot b.l. Liquid core Cold b.l

\rX)

Fig.4.3 Typical particle paths for the liquid vorticity motion during melting process

of a PCM in a rectangular enclosure heated from side vertical wall {59].
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4.8  Evaluation Of Vertical Temperature Gradi-
ent In The Liquid Core

In this section, terms for Aw, and A;m are evaluated. From the last section,
it can be stated that the leading edge of the hot boundary layer is at the bottom
of the vertical heated wall and that of the cold one is at the top of the solid-liquid
interface. The temperature difference, Arm, is of its maximum value at the top
of the enclosure and is of zero value at the bottom, while A, is maximum at the
bottom and zero at the top. These statements show that A, is proportional to

(1 —§), thus, using equation (4-10), it can be found that

A 88,
—Byfuilﬁﬂ =%, Grlheo=eo (4.24)

The above analysis indicates that the liquid core temperature gradient and the hot

boundary layer profile may be expressed as

Ay=48,.01-9) (4.25)
b = (0 )maad™ (4.26)

In order to evaluate the values of the proposed symbols, n and m, equations (4-10),
(4-25) and (4-26) are used and found to be satisfied with values of n = 3/2 and
m = 1/4. Thus, equations (4-25) and (4-26) yield to

A wl — AA wm(l - !}3/2) (427)
. bp = 2[—— 4.28
n =2 : ] (4.28)

Temperature difference, Arm: which is related to the inclined interface, is a

function of its attached ¥-altitude which is given by

. . Scsinc,b
Y=9+ “Ralls (4.29)

Noting that &, may be found from equation (4-23) as

-

. - FaN
6, = b |——¥t /3 4.30
"[Arm(cow] (4:30)
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As the temperature difference between the heated wall and the solid-liqﬁid iterface

is constant, then, using equation (4-27) it can be shown that
Ay = By 32 (4.31)

Ay, = A, T (4.32)

Mathematical analysis is done for equations (4-30) and (4-32) and it is found that for
values of § > 0.15, the difference between §*/* and Y3/ is negligible. Accordingly,
N, can be expressed as

At = A3 (4.33)

Thus, the vertical temperature gradient in the liquid core is represented in equations

(4-2?) and (4-33), and the boundary layers profiles are represented in equations (4-
28) and (4-30).

4.7 Variations Of The Velocity And Tempera-
ture Profiles, Within The Two Boundary Lay-
ers, VS The Altitude

Using equations {4-4), (4-8), (4-14), (4-17), (4-27), (4-28), (4-30) and (4-33),
it is found that: v, o §2(1 — §*2) and v. o« §(1 — #/2)**. From these two
proportionality relationships, the variations of the velocity profiles within the hot
and coold boundary layers vs the altitude are evaluated and displayed in Fig.4.1.
Also, it is found that the liquid upwards velocity, vn, within the hot boundary layer,
and the downwards one, v., within the cold boundary layer reach their peak values
at § = 0.397 and § = 0.627 respectively, and both of them are of zero values at the
bottom and the top of the enclosure.

On the other hand, the variation of the temperature profiles can be found from
equations (4-5) and (4-27) for the hot boundary layer, and from equations (4-15)
and (4-33) for the cold boundary layer. This is displayed in Fig.4.2.
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48 Bvaluation Of Solid-Liquid Interface Propa-
gation

Both of the local thickness of the melting layer, S(y,t), and its rate, —shbﬂ,
are functions of time and altitude. The heat flux which arrives into the solid-liquid
interface is consumed in two parts:

- Melting rate of the solid phase at the interface.
- Raising the temperature of the reét of the solid phase.

This can be expressed in the following energy balance equation at the interface

f Q.:p. f k> ..,-ody _[ kst I,,_ody (4.34)

The temperature distribution in the solid phase can be approximated in a quadratic
expression [18] as

T, =T + Ami(1 — %)’ (4.35)

Where 6, is the local thickness of an assumed thermal boundary layer in the solid
phase. A simplified energy conservation equation of this layer can be expressed in a
form analogous to the corresponding equation of the liquid phase, except that the

vertical velocity component,v, should be omitted from the equation as

&T, oI, 85, 0T,

[2 4

Where: T”z.:o = Tm: ﬂlx,:& =T
Integrating this equatilon from 0 to =, = §,, it is found that

5, = VI8a,t, Q‘EL,,:O _ _20mi
oz, 5,

(4.37)

Substituting (—dy/cos¢) instead of dy’ in equation (4-34), Using equations (4-15),
(4-23), (4-27), (4-28), (4-30), (4-33) and (4-37) to accomplish the integration of
equation {4-34) and using the corresponding dimensionless parameters, equation

(4-34) yields to

1/5 1 8§ AL
Ha pfj aS 5/4 _8(5)”3 _3k"Am|]
0 T

Ste (4.38)
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This equation ig the integral equation for the mell;ng pmpagal;;m along the

whole solid-liquid interface. The term, —’é, is a function of three variables, 9
and ¢. The inclination angle, ¢, is a function of time only and it is independent
on the altitude, y, due to the assumption that the solid-liquid interface is straight
and smooth. The last right hand side term represents the initial condition of the
solid PCM, which would be omitted if the initial temperature is equal to T,,. This

case was used extensively in treatments of phase change problems [7,13,14,15,55,62).

Equation (4-38) should be refined. This is achieved in the following section.

4.9 Evaluation Of Time-Dependent Inclination
Of The 'Solid-Liquid Interface

With reference to Fig.4.1, geometrically, we can find the relationship between the
local melted layer thickness, S(y,t), and the corresponding melted layer thickness at
the bottom of the enclosure, Sp(t), noting that, S is a function of time and altitude

while S, is a function of time only. This relationship is

S = 5 + y(tand) (4.39)

The rate of 5, increment with time is much slower than that of the top of
the interface where the activity of the natural convection mode is at its maximum
rates while this activity is almost negligible at the bottom of the liquid core. This
was observed and established in several previous experimental works {9,12,15,35).
Actually this is the main reason for the interface inclination.

In this work, it is stated that the slow melting rate at the bottom of the enclosure
is due to the greater contribution of the conduction mode in the heat transfer pro-
cess at the bottom of the liquid core. Accordingly, it is assumed, in this work, that
the melted layer thickness at the bottom of the enclosure, Sy, is controlled by con-
duction mode of heat transfer and can be evaluated by employing the corresponding
mathematical technique. In order to find the temperature gradient at the lowest
edge of the interface, and accordingly to evaluate the rate of heat flux at this edge (

which controls the rate of Sp increment ), the following exact solution of the partial
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dﬂ[@fﬁﬂli&l equal;on 0{ u\e oontluc{;ve Leat transfer in terms of a tcmPcmturc PIOﬁlC

is proposed [20,22].

Teons, = T = Domlerf 7=]/er{(3) (4.40)

Where, ‘erf’ is the error function with its values are being tabulated in tables in most
of text books. The value of the constant A depends on the thermophysical properties
of the test PCM, the initial conditions and the Stefan number. The melted layer
thickness at the bottom of the enclosure, Sy, is dependent on the value of A as in

the following exprcssibn [20,22]

So = 2Av/ eyt (4.41)
In dimensionless tcrms'
So = 22T (4.42)

Applying the energy balance at the bottom of the liquid core in accordance with

the assumed conduction mode control at the bottom, it is found that

b (T amo = Qupr S + () 9" 2 (4.43)

Using equations (4-34), (4-38) and (4-43), equation (4-43) yields

er el (1.44)
Jrerf(N) ~ Ste ' V1Ba, L ‘

Having evaluated the root of this equation, A, then, S; can be found. In this work,

it is found that for limited values of Stefan numbers, the following correlation can

be proposed for the case when A,,; =0 and Ste < 0.25

Ste g3
A=( \/—)

This correlation reduces the time required for the trial and error steps which should

(4.45)

be applied on equation (4-44) in order to find the value of A. On the other hand,
in TES systems, Stefan numbers are almost less than 0.25 which means that this
correlation almost suits these systems. Even in other ranges of Stefan numbers and

in cases when A,; # 0, this correlation can be useful for the first guess of the value
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of A
Differentiating equation (4-39), it yields

Qg_dgo ¥ dd

ar  dr  (cosp)? dr (446)

Substituting this equation in equation (4-38) and performing the corresponding

integration, gives

d—J’- = 2(cosd)? 4(Ste) a4 (cosd)?/® — 3—kLA—"i - i—
dr - 2( ¢) (25(RG)UEP,(COJ¢) [2(R ) ( d’) \/-07 ] \/‘F) (4‘47)

This equation is th:e developed resultant equation of all the previous mathe-
matical steps. The nonlinearity and complexity of the governing and the integral
equations are being reduced till this equation has been obtained. But, it is still a
nonlinear one and it is not possible to integrate it in its present form. On the other
hand, experimental works gshow that the increment of ¢ can be approximated in a
linear relation with time {11,14,15]. Thus, it can be assumed that ¢ = fr for 7 > 7o,
noting that the value of é is zero for the period of 0 < 7 < 7o. The initial dimen-
sionless time, 1o, represents the period during which the conduction-controlled early
stages of melting occurs while the solid-liquid interface is in its vertical position.
When 7, is over, the natural convection mode starts to control the heat transfer
in the liquid core. The value of the proportional constant, f, depends on Stefan
and Rayleigh numbers, the thermophysical properties of the PCM and the initial
conditions. If the assumed expression, ¢ = fr, is substituted in equation (4-47), the
corresponding integration can be performed and the value of the constant f may be
obtained through a trial and error procedure.

Actually, it is easier to use equation (4-47) in its present form and plot tl.le
obtained values of ¢ against time. Accurate results can be obtained even with time
steps as large as 3600 seconds. The value of the conduction mode period, (7o), 15

determined by substituting zero value for ¢ in equation (4-47).

4.10 Time-Evolution Of The Melted Fraction

The evolution of the melted fraction, F, depends on the aspect ratio of the

employed enclosure in addition to the interface inclination angle and time. The
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calculations required to find the melted fraction should be distinguished into two

stages:

1. Melted fraction ‘before’ the top of the interface becomes in contact with the

rear wall of the enclosure.
2. Melted fraction ‘after’ this contact.

The two stages are shown schematically in Fig.4.4 which shows the importance of
the aspect ratio especially at the later stages of the melting process. The inclination
angle for the position when the interface top contacts the top corner of the enclosure

which is the point p(B,H), is specified by ¢5 with

H(tanqbg) =B - (So)g (448)

Where (So)p is the melt. thickness at the bottom of the enclosure when the interface
inclination angle is ¢p. Determination of angle ¢p is an essential step and can be
done during the plotting process of ¢ against the time. For values the inclination
angle larger than the value of ¢g, the height of top of the solid phase is denoted by
Ya which is given by

Ya = (B — 5)/(tang) (4.49)

The two following equations represent the melted fraction during the two correspond-

ing stages, and both of them will be used later on in the numerical applications:

¢ ‘Before’ the contact of the solid-liquid interface with the point p(B,H), for
0 < ¢ < ¢p:
5o
(Ra)V/5

F= ﬁ[SoH + 0.5H*tang] = A + 0.5tand) (4.50)

o ‘After’ the contact of the interface with point p(B,H), for ¢p < ¢ < 7/2:

L1 _ 1= ASo/(Ra)/5T?
Fy = w2 HB — 05y,(B - S)) = 1- 2A(tand) (4.51)

Where the subscripts b and a refer to ‘before’ and ‘after’ the contact respectivelly.
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4.11 The heatinﬁ Rate

During a short start-up period, the temperature of the enclosed PCM is raised
from T; into a ternpcra.éure profile 7,(z,,t) according to equation (4-35). From this
equation, we find that 7,(z = 0) = T,,, at the end of the start-up peried. During the
conduction-controlled melting stage, which immediately follows the start-up period,
the liquid core temperature is raised according to equation (4-40), then at the end of
this stage and through a short transition stage, the liquid core is thermally stratified
in a vertical temperature gradient. It was found that these three early stages of the
melting process are short and would not exceed 30 minutes [9,15,44]. Thus, in this
work, the heating rate during the last stage only will be studied, which is the natural
convection-controlled stage, as it starts when the thermal stratification is completed
and continues till the end of the melting process.

Using equations (4-5), (4-27), (4-28), (4-30), and (4-33), the average heat flux,
coefficient of heat transfer and Nusselt number for both of the vertical heated wall

of the enclosure and the solid-liquid interface are found in the following expressions:

o At the heated vertical wall of the enclosure:

(4w )av = 0.453( Ra)"/* (4.52)
(A )ay = 0.68( Ra)V/* (4.53)
(Ntw)ay = 0.30(Ra)"/* (4.54)

e At the solid-liquid interface:

(Gm)av = 0.34(Ra)4(cosg)?/? (4.55)
(B )aw = 0.63(Ra)"*(cosp)?/? (4.56)
(Ntm)aw = 0.22(Ra)/*(cosg)?/® (4.57)
Noting that:
G = hw Dt (4.58)

. do = bl u/(Ra)S (4.59)
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acts point P(B,H)
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Fig.4.4 The two stages of the melted fraction evolution: before the solid- liquid

interface contacts the top of the enclosure, which is point p(B,H), and after this

contact.
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Chapter 5
RESULTS

5.1 Introduction

In this chapter, the results of the time evolution of the solid-liquid interface
and its inclination angle, the melted fraction, the average Nusselt number and the
average heat supply will be evaluated and compared against both experimental and
theoretical results of selected previous works so as to demonstrate the efficiency and

accuracy of the analytical solution of this work.

5.2 Time-Evolution Of The Solid-Liquid Inter-
face And Its Inclination Angle

In this section, the results of the time evolution of the position, shape and incli-
nation of the solid-liquid interface obtained using the developed analytical solution
of this work will be compared against the same data obtained experimentally and
numerically by selected previous works.

Comparisons will be done against previous works (7,15,35] which had employed
rectangular transparent epexiglass experimental cells filled with n-octadecane paraf-
fin wax as a suitable transparent test PCM, and used photographic observations to

follow and distinguish the shape, position and inclination of the solid-liquid interface

during the melting process of this PCM.
Experimental results obtained by Benard et al [15] are displayed in Fig.5.1 rep-
resenting the position and shape of the interface at certain times until the end of

the melting process, for a duration of about 12 hours, thus, this experimental work
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is considered a typical one for comparison with this work and 1t is proposed as

the first example for this purpose. The employed rectangular is of relatively larger
values of height and aspect ratio compared to other similar works. The correspond-
ing experimental matrix is substituted in the developed analytical equations of this
work, which they are equations (4-41), (4-44), (4-45) and (4-47). Then, results are
obtained, for the same times used in the experimental work, and displayed in the fig-
ure representing the position and inclination of the solid-liquid interface. As shown
in the figure, the agreement with the experimental results is well as the inclination
and position of the interface obtained in this work are close to those obtained ex-
perimentally and the Solid-Liquid Interface propagation with time in both works is
almost the same. As shown in the figure, the dashed lines are almost parallel to
the solid lines except at the top of the interfaces. However, for higher values of y
and over certain limited period of time during the melting process, the experimental
results show that the top of the interface becomes curved while the results of this
work show that it is a straight surface. This deviation is due to the assumption that
the inclination angle of the interface, ¢, is independent on the altitude, y. Further,
the interface propagation is faster in this work than that in the experimental one.
This is due to the actual heat loss across the sides of the experimental cell while
this loss is assumed to be negligible in this analytical work.

Experimental results obtained by Okada [35] are displayed in Fig.5.2 as solid lines
representing the interface position and shape at certain times of melting process. The
employed rectangular is of small height and aspect ratio. The duration of the test
in this experimental work is about 2 hours and much shorter than that in the first
example. The interface is of a convex-concave shape, due to the small height and
aspect ratio of the enclosure, and its curvature at its top is opposite to that in the

first example. Substituting the corresponding experimental matrix in the equations

of this analytical work, results are obtained for the same times and plotted in the
same figure as dashed lines representing the interface position and inclination. As
shown in the figure, the agreement between this work and the experimental one

is well. The melting propagation obtained in this work is faster than that of the
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experimental one in the lower half of the enclosure and it is dlower in the upper

half of the enclosure which is a different case than that in the first example. This
statement indicates that the faster propagation compensates the slower one and the
result is a melting rate close to that of the experimental work.

Experimental results proposed for a third experimental example were obtained
by Viskanta et al [7] as shown in Fig.5.3 as solid lines representing the shape and
position of the interface at certain times of melting process. The experimental
matrix is substituted in the equations of this work, then results are obtained and
plotted in the figure which shows that the agreement with the experimental one is
well. The deviation between the two works are for the same reasons as discussed in
the first example.

The fourth comparison example is with numerical study results obtained by
Yeung [55] which are displayed in Fig.5.4 as solid kines representing the shape and
position of the solid-liquid mnterface at certain times of the melting process. The
employed model is similar to that in the first example. The informations matrix is
substituted in the developed equations of this work, then results are obtained and
plotted in the figure which shows that the agreement with the numerical study results
is well and better than that in the cases of the experimental examples concerning the
solid-liquid interface propagation rate and the curvature of the top of the interface.
With reference to figures 5.1 and 5.4, in general, the numerical study results can be
considered as average between the experimental results and the results of this work.
On the other hand, the values of the propagation rate of the interface bottom, S,
obtained in this work can be considered as average between the experimental and
the numerical study results as shown in the same two figures.

The numerical study results obtained by Gadgil et al [44] are plotted in Fig.5.5.

The employed model is a rectangular enclosure containing n- octadecane paraffin

wax and is relatively of large values of aspect ratio and Stefan number, thus, the
melting propagation was faster and the melting period was shorter than those in
the previous examples. The corresponding numerical matrix is substituted in the

developed equations of this work. Results are evaluated and displayed in the figure
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W}\;C}l shows that the agreement of the results of this work with the ni]mc[ica] ones

is well and better than that in the cases of the experimental examples.
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Fig.5.1 Time evolution of the solid-liquid interface and its inclination angle, (¢).

(—-) experimental results of [15]. (- - -) results of this work.
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Fig.5.2 Time evolution of the solid-liquid interface and its inclination angle. (—)

experimental results of (35). (- - -} results of this work.
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Fig.5.3 Time evolution of the-liquid interface and the inclination angle. (- - -) this

work. (—) experimental work [7].
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Fig.5.4 Time evolution of the solid-liquid interface and its inclination angle. Nu-

merical study results of [55) (—). Results of this work(- - -).
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Fig.5.5 Time evolution of the solid-liquid interface and its inclination angle. Results

of this work (- - -). Numerical results of [44]('——)
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5.3 The Melted Fraction Of PCM

In this section, experimental and numerical matrixes used in selected previous
works will be substituted in the concerned developed analytical equations of this
work, specifically equations (4-41), (4-44), (4-45), (4-47), (4-50) and (4-51), thus,
the values of S,, ¢, Fy and F, will be determined at the same times used in the
previous works. The obtained results will be compared against the experimental
and numerical results of the previous works.

The time evolution of the melted fraction obtained experimentally by Benard et
al [15] is displayed in Fl‘ig.5.6. The employed model is a rectangular experimental
cell filled with n-oc_tade;:ane paraffin wax. Experimental results were obtained using
photographic observations and the corresponding matrix is substituted in the devel-
oped equations of this work. Results of this work are obtained and plotted in the
same figure which shows ;vell agreement between these results and the experimental
results. However, the rate of melting obtained in this work is slightly higher than
the rate obtained experimentally. This is due to the actual heat loss across the
experimental cell walls.

The numerical study results obtained by Webb et al [54] are shown in Fig.5.7.
The employed model in this example is a rectangular enclosure filled with pure
gallium metal. The numerical matrix is substituted in the developed equations of
this work. Results are obtained and displayed in the same figure. The values of
the melted fraction obtained in this work are found to be about 16% higher than
the numerical study results. This difference could be due to the anisotropic thermal
conductivity and the high thermal diffusivity of the pure gallium which caused a 60%
melting fraction after only 20 minutes. These matters were taken in account in the
numerical study. For comparison, the conduction-controlled melting rate obtained
by [54] is displayed in the figure which shows that it is much slower than the other
two rates.

The effect of the aspect ratio on the melted fraction was investigated numerically
by Yeung [55] by employing three rectangular enclosures of different values of aspect

ratio and the same width, containing n- octadecane as a test PCM. The numerical

All Rights Reserved - Library of University of Jordan - Center of Thesis Deposit



[csulls are djﬂplﬁyﬂd In lig. 5.8 which shows thal the smaller enclosure was of {he

highest melted fraction. The three enclosures are shown schematically in Fig.5.9.
The numerical matrix of [55] is substituted in the developed equations of this work.
Results are obtained and plotted in Fig.5.8b which shows that the smallest enclosure
is of the highest melted fraction, which agree well with the numerical study results.
It can be evaluated from figures 5.9a and 5.9b that the melting fraction after one
hour of the melting process equals to 94%, 93% and 91% for the smallest, the
middle and the largest enclosures respectively. Thus, it can be concluded that for the
same enclosure width, temperature of the vertical isothermal heated wall and Stefan
number, the efficiency of the enclosure of thé smallest aspect ratio is slightly higher
than that of the larger ones. The probable reason for this result is that the smallest
enclosure is of the largest value of ¢p and accordingly the largest inclination of the
solid-liquid interface which decreases the velocity, v, of the liquid particles inside the
cold boundary layer allowing for longer heat transfer time between these particles
and the interface and slightly more melted fraction is attained. This conclusion
would be useful to apply in PCES systems where a thermal storage wall of specified
depth may be made up from several identical PCM-£lled enclosures stocked on top
of each other. But, on the other hand, there are economical limits for that because
a larger enclosure may cost less than several smaller ones knowing that the gain in
the efficiency does not exceed 5%. In the practical applications, the availability of
isothermal heated walls is of less probability compared to that of walls subject to

constant heat flux.

5.4 Effects Of Ste, Nu And Pr Numbers And The
Enclosure Height On The Melting Process

The average values of Nu number which are obtained using equations (4-54) and
(4-57) are compared against experimental and numerical results of previous works.
Experimental results obtained by Buren et al [13] are shown in Fig.5.10 in which it
is found that the average Nu number obtained in this work can be considered an

average for the experimental results. The variation of Nu number with the altitude
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was found mumerically by Okada [35] as shown in Fig8.11. The average value of

Nu number obtained in this work is plotted in the same figure. As shown in figure,
it can be considered as an average for these numerical results. Thus, concerning Nu
numbers, the results obtained in this work agree with experimental and numerical
results.

In order to demonstrate the effects of Ste and Pr numbers and the enclosure
height, H, on the melting process, the dimensional average heat flux supplied to the

vertical isothermal heated wall of the enclosure is evaluated from equation (4-52) as
1
(gw)av = 7700543k Aum(Ra)'/"] (5.1)
Using this equation, the following dimensional relationships are evaluated:

¢ For fixed value of H:
(G )aw o (Ste)*/* (5.2)

s For fixed value of Ste number:
(qu )av o< (H)*/4 (5.3)
o For fixed values of H and Ste number:

(Qu Jaw o< (Pr)*/4 (5.4)

In order to investigate numerically the effects of the variation of the above pa-
rameters, the experimental matrix of the first example in section 5.2 is substituted
in the above developed equations. From the obtained results, it is found ihat a
value of 621W/m? as average heat flux is required to maintain the isothermal level
of the vertical heated wall at 37°c while running the melting process. H Ste number
is doubled, T, value will be 46°c and the required average heat flux should be 1475
W/m?. Thus, for a raise of 9°c in the isothermal level, the average heat flux should
be increased by 138% which indicates to the great effect of Ste number while the
value of H is kept constant. On the other hand, it is found for the same example

that for an increment of 25% in Pr number, the heat flux should be increased by
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only 5%, and for a mcrement of 25% in the lleigln‘,, H, of the enclosure, the heat fux

should be decreased by 5% only. Thus, the melting process is much more dependent

on Ste number than its dependence on Pr number and the enclosure height.
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Fig.5.7 Melted fraction of pure gallium. (- - -) this work. (—) numerical [54]. For

comparison, the conduction mode of heat transfer is displayed (- - -) by [54].
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Fig.5.9 (a) Schematic elevations of three enclosures containing n-octadecane as test

PCM and heated from vertical isothermal sides. The melted fraction for the an-

gle ¢5 and after 1hr is shown. (b) A comparison between the absolute volumetric

melting rates of the three enclosures.
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Fig.5.10 Effect of H, Ste and y on the dimensionless parameter Nu/(y*Ra)'/4 during

melting of n-heptadecane paraffin wax [13].
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0.0 Thermal Energy Storage Rate

In the previous examples, the results obtained in this work for the dependent
parameters of the melting process have been of well agreement with the results ob-
tained in selected experimental and numerical previous works. This is an indication
to the satisfactory efficiency of the analytical solution developed in this work. Thus,
it can be stated with confidence that this solution can be employed to predict the
experimental data to a sufficient degree of accuracy which is comparable to that of
the numerical methods. Accordingly, the analytical solution developed in this work
is applied in this section to predict the amount of the thermal energy that may be
stored within an enclosure filled with a PCM. Unfortunately, there is no experimen-
tal data available to be used for comparison, but, as stated above, this analytical
solution may be used with confidence.

It can be excluded from the previous sections that to maintain the temperature
of the vertical heated wall of the enclosure at a certain isothermal level while running
the melting process, the heat supply at the outer surface of the wall should be of its
maximum value at the bottom of the wall then it should decrease in a proportional
relationship to altitude, §, until being of zero value at the top of the wall (at § = 1).
This statement can be formulated in 2 mathematical relationship which can be

obtained by using equations (4-27) and (4-28) to give
G (§) oc (1 - 52)/4"/* (5.5)

On the other hand, the average heat supply, (gy )av, can be employed instead of this
relationship for the corresponding study in this section. In the practical applications,
the value of (g, )ay depends essentially on the availability of the heat flux at the outer
surface of the wall. Sometimes, this heat flux is dependent on external cdrcumstances
as in the case of the solar heat irradiation which is available for a limited duration
and at certain values. In order to approach into applications of solar energy systems,
a heat flux of a value of 620 W/m? is proposed as the available average heat supply
in the following example.

To mvestigate the amount of thermal energy storage using the analytical solution
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developed in this work, two rectansula.r enclosures are proposcd, a.larﬁe and a

smaller one (referred to as 1 and 2). Each enclosure is filled with n-ocladecane
paraffin wax as a PCM, and is being heated from a vertical isothermal wall while
all the other walls of the enclosure are insulated. The two proposed enclosures and
their corresponding informations matrixes are shown in Fig.5.12. . The available
average heat flux supplied at the outer surface of the wall is assumed to be of a
value of 620 W/m? for a duration of 8 hours. Considering that (g, )as is of the same
value of the heat flux and substituting the informations matrix of each enclosure in
equation (5-1), the telmperatures of the heated wall and Ste and Ra numbers are

evaluated to be
Ty = 37%, (Ste), = 0.084, (Ra); = 10°
T, = 38.9%¢, (Ste), = 0.101, (Ra); = 2.05 x 10"

In the most thermal storage applications, and consequently in the most experimental
investigations of the problems of melting in a rectangular enclosure, Ra number is
found to be of high values, typically in the range of 10° < Ra < 10° [11,12,35,37,44].
Experimental evidences indicate that the liquid flow in such problems remains en-
tirely laminar for this range of Ra numbers. Transition to turbulence occurs only
for Ra numbers of values beyond 10'° [15,44]. Ra number of the liquid flow inside
the larger enclosure is found to be of a value slightly higher than 10'°. Despite of
that, it is assumed in this example that the liquid flow is still laminar {9,18]. The

thermal energy which is stored inside each rectangular consists of two contributions:

o Sensible heat gain, G,cn,iste

o Latent heat gain, Glatent
Using equations (4-33), (4-41), (4-44), (4-47), (4-50) and (4-51) and performing the
required integrations, sensible and latent heat storage equations are developed and

added together to form general equations for the total heat gain (which equals to

the summation of the sensible and latent heat) as in the following dimensionless

equations

(G)s = (1 +0.45te)So + (0.5 + 0.295te) Ra'/*(tang) (5.6)
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(G = Ra'/* [%(1 +0.45te) — J*(tang)(0.5 + 0.11J%%)] (5.7)

Where
J = (Ra'’® — AS,)/(ARa'tang) (5.8)
G = GRa\* |H?*p,Q, (5.9)

Noting that the symbol J is introduced to simplify these equations which represent
the total the total energy gain which is stored in the enclosure. These equations are
dependent on Ste, Pr and Ra numbers in addition to the temporal values of S and
@

Equations (4-41), (4-44), (4-45) and (4-47) are used to evaluate the values of
So and ¢ at certain times. From the obtained values of ¢, the value of ¢p is
determined, by using equation (4-48), for each enclosure. The informations matrix of
each enclosure is substituted in equations (5-2), (5-3), (5-4) and (5-5), then, obtained
values of §, and ¢ are used to evaluate G, for each enclosure at the corresponding
times.

Finally, using the values of G, the specific heat gain values (in terms of MJ/m?)
are found and plotted against time as shown in Fig.5.12 for both of the enclosures.
The specific heat gain is defined here as the amount of thermal energy which can be
stored in the enclosure per the unit area of its vertical isothermal heated wall.

As shown in the figure, the specific heat gain in the large enclosure is about 19%
more than than that in the small one. Thus, for a certain value of heat flux available
at the outer surface of the wall of enclosures, it is more efficient to employ enclosures
of larger heights while the corresponding Ra number is kept in the laminar range.

Yhe percentage of the contribution in the TES amount is about 95% for the latent
heat and 5% for the sensible heat. At the end of the 8 hours duration, the efficiency

of the large and small enclosures are found to be about 79% and 62% respectively,
noting that this efficiency is defined as the ratio between the specific heat gain and

the specific hat flux available at the outer surface of the enclosure,
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Fig.5.12 Time evolution for the specific TES for two enclosures of different heights.

Results are obtained by this work.
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Chapter 6

CONCLUSIONS AND
RECOMMENDATIONS

6.1 Conclusions

This work has conveyed Aanalytical investigation on phase change problems in-
volving melting of PCM contained in rectangular enclosure heated from isothermal
vertical wall. Analytical solution is developed and employed to be used in easy,
simple and quick procedure to predict, at any required time, the corresponding
parameters of the melting process such as the position and inclination of the solid-
liquid interface, the fraction of the melted PCM and the amount of TES within the
enclosure. The motivating objectives, discussed in chapter I, has been covered and
achieved in this work.

The conclusions which has been obtained in this work can be summarized as

follows:

1. Analytical solution can be developed for a complex problem such as melting
inside a rectangular enclosure with a satisfactory degree of accuracy and ef-
|

ficiency despite of the avoidance of the majority of the previous works such

type of solution.

2. Results of this work have been of good agreement with experimental and nu-
merical results which indicates that the natural convection, which has been

taken into account in this work, is the predominant mode of heat transfer in

the melting process.

63
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3. The most important characteristics of natural convection mode of heat transler

has been found to be the thermal stratification of the liquid core and the

vortical motion of the liquid particles between the two boundary layers around

the relatively stationary liquid core.

4 Conduction mode of heat transfer, which controls the melting process at early
stages, does not ebb completely after that as was considered by other previous
works, but it continues in controlling the melt propagation at the bottom of
the enclosure until the end of the melting process. This fact was approvcd
because the results of this work, concerning propagation of the melt layer at

the bottom were of good agreement with experimental and numerical works.

6.2 Recommendations

As the analytical solution developed in this work has been found of satisfactory

accuracy, thus, it is recommended to:
e Develop similar analytical solutions for:

1. Other configurations like the cylindrical ones.
2. Inclined rectangular enclosures heated from above at constant heating
rate.

3. Solidification process of PCM.

¢ Investigate a PCES system using paraffin wax and to compare it with sensible

TES systems.

~ et
UL
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Appendix A

PHASE CHANGE MATERIALS

Phase change materials (PCMs) are those engineering materials which are spec-

ified by the following properties:
1. Large value of latent heat of fusion.
2. Melting temperature near ambient temperatures.

3. Harmless to human use.
|

4. Chemically stable.

5. Does not cause corrosion to metals of enclosures.
[

6. Cost effective availability.

Due to the above properties, PCM’s are found to be suitable to be used in PCES
systems as mentioned in chapter II and in studies of phase change problems involving
melting and solidification processes.

The most notable of the PCM’s is the paraffin wax which is a by-product of the
petrochemical industry in form of different hydrocarbons, each is with different melt-
ing temperature. It is of relatively low thermal conductivity with a range between
0.16 and 0.24 W/mc® for the solid phase and is around 0.2 W/mc® for liquid phase
(8. In general, all types of paraffin wax are transparent to the visible radiation which
is a desired property in PCM’s because it enables the photographic observations to
be recorded in experimental works of melting and solidification processes. There are

many types of paraffin wax, each is of different thermophysical properties. Properties
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of PCM's can be found in » design hand book published by Humphries and Griggs

for NASA T. P. 1074, (Nov.1977). Paraffin waxes are like n-octadecane (Cha Hss)
[2,3,4,15,33], Suntech P116 [8], SUNOCO's P116 [1], Shell 53/54°c [6] and other
types [3,4,13,14] like n-heptadecane, n-eicosane, n-tetradecane and n-hexadecane.
On the other hand, there are other types of PCMs except the paraffin waxes like
Glauber salt {68]. Thermophysical properties of notable PCMs are listed in the fol-

lowing table. For comparison, properties of water and ice [40,46,49] are added.

Table of thermophysical properties of notable PCMs:

| Properties | units ” (PCM), | (PCM), [ (PCM), [ (PC M), | (wa.ter/iceﬂ

T @) 28 14 53 317 0
Qu (KJJKg) | 242 226 251 130.5 335
(1073 (i/e) 0.95 21 : : 0.18
o (KJ/Kg) | 22 251 2.07 101 118
Py (KJ[Ege) | 22 ; 35 0.54 3.95
B | Wme) | 0.155 0.2 0.126 | 3.26 0.6
3 (Wime®) || 019 : 0231 | 192 2.21
pi (Kg/m?®) 780 770 780 1330 1000
Pa : (Kg/m®) 850 - 860 1460 918
(10)°w (m?/s) 4.8 3.7 4 - 1.4
Where:

(PCM),, (PCM),, (PCM); and (PCM), are symbols referring to n-octadecane,
Suntech P116, Shell 53/54 and Glauber salt respectively.

.............................
...................

..........
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